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Abstract

We describe the theory behind weak measurement and how it can be used to reconstruct the quantum
wavefunction. While not all specifics are addressed, we illustrate the method, sometimes with rigurous
derivations, sometimes with numerical calculations. We confirm that weak measurement is a plausible
technique for wavefunction determination.

1 Introduction

In quantum mechanics it is usually assumed that a measurement of an observable collapses the wavefunction
of the system to a Dirac delta distribution representing the state. This is not, however, always the case.
In 1988 Aharonov, Albert, and Vaidman (AAV) published a theoretical letter titled “How the result of a
measurement of a component of the spin of a spin-1/2 particle can turn out to be 100” [1]. The paradox
lay in what they named “weak measurement”. A year later Duck and Stevenson checked the calculations
and came up with “The sense in which a weak measurement of a spin-1/2 particle’s spin component yields a
value 100” [2]. In 1991, Ritchie at al. [6] verified AAV’s proposed experiment in the case of light polarization
instead of electron spin.

More recently two groups of researchers, [5] and [7], were able to use weak measurement to directly
measure the wavefunction of position and polarization. Here I attempt to describe their technique.

2 General theory

Let |1〉 , ..., |n〉 be eigenstates of an operator E with eigenvalues e1, ..., en. Start with a state |ψ〉, and
let U1, ...Un be the weak measurement operators corresponding to the n measurement outcomes. To be
measurement operators, U1, ..., Un must satisfy

n∑
i=1

Ui†Ui = I

A system in the state |ψ〉 will be perturbed into state Ui |ψ〉 /‖Ui |ψ〉 ‖ after weakly measuring i. Let pi be
the probability of weakly measuring the state i. In fact,

pi = ‖Ui |ψ〉 ‖2

(See [4] for more detail on measurement theory.) Suppose we post-select with a state |φ〉. Assuming we
perform a strong measurement, the probability of measuring φ is

P (φ|i) =
| 〈φ|Ui |ψ〉 |2

‖Ui |ψ〉 ‖2
=
〈φ|Ui |ψ〉 〈ψ|U†

i |φ〉
pi

By Bayes theorem,

P (i|φ) =
P (i)P (φ|i)
P (φ)

=
〈φ|Ui |ψ〉 〈ψ|U†

i |φ〉
〈φ|ψ〉 〈ψ|φ〉
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We wish to quantify the effect of the weak measurement after we post-select with |φ〉. We do so in the
obvious way, multiplying through by the expected value of E at the states Ui |ψ〉 /‖Ui |ψ〉 ‖.

µ =

n∑
i=1

P (i|φ) 〈E〉Ui|ψ〉/‖Ui|ψ〉‖ =

n∑
i=1

〈φ|Ui |ψ〉 〈ψ|U†
i |φ〉

〈φ|ψ〉 〈ψ|φ〉
· 〈ψ|U

†
i EUi |ψ〉

〈ψ|U†
i Ui |ψ〉

µ quantifies the perturbation to the system due to the weak measurement. One my also observe the weak
measurement directly rather than its effect on the system. A classic example is that we measure the voltage
in a circuit by reading the displacement of the arrow on a voltmeter rather than by observing the change
in current somewhere due to the fact that we have connected a voltmeter. (Imagine a bad voltmeter.) Call
this ν:

ν =

n∑
i=1

P (i|φ)ei =

n∑
i=1

〈φ|Ui |ψ〉 〈ψ|U†
i |φ〉

〈φ|ψ〉 〈ψ|φ〉
· ei

The “weak value” proposed by AAV is given by

〈E〉Wφ =
〈φ|E |ψ〉
〈φ|ψ〉

We will see in Section 3 that when Ui are small perturbations, µ is close to 〈ψ|E |ψ〉 and the observable ν
is close to 0. We will describe why weak measurement works and how to relate ν to the weak value.

2.1 Reconstructing the wavefunction

Suppose one could actually measure

〈A〉Wφ =
〈φ|E |ψ〉
〈φ|ψ〉

Proceed as follows ([5], [7]): measure the weak values of the projection operators

πi = |i〉 〈i|

One obtains

〈πi〉Wφ =
〈φ| i〉 〈 i|ψ〉
〈φ|ψ〉

Choose a basis {i} such that 〈φ| i〉 is constant and independent of i. For example, if φ is the spin state |↑〉,
we can choose the basis |+〉 and |−〉. Then

〈πi〉Wφ = ν 〈 i|ψ〉

Where

ν =
〈φ| i〉
〈φ|ψ〉

Write

|ψ〉 =

n∑
i=1

|i〉 〈 i|ψ〉

Substituting the weak values yields

|ψ〉 =
1

ν

n∑
i=1

〈πi〉Wφ |i〉

Thus, after normalization, the weak values give the wavefunction components of ψ.
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3 The case of a two-state system

Make the additional assumption that our observable has two states with eigenvalues ±1.
Suppose we make a strong measurement, Ui = |i〉 〈i|. Then

µ =

2∑
i=1

〈φ| i〉 〈 i|ψ〉 〈ψ| i〉 〈 i|φ〉
〈φ|ψ〉 〈ψ|φ〉

· 〈ψ| i〉 〈i|E |i〉 〈 i|ψ〉
〈ψ| i〉 〈 i| i〉 〈 i|ψ〉

=

2∑
i=1

ei
〈φ| i〉 〈 i|ψ〉 〈ψ| i〉 〈 i|φ〉

〈φ|ψ〉 〈ψ|φ〉
= ν

Compute further:

µ = ν =

2∑
i=1

〈φ|E |i〉 〈 i|ψ〉 〈ψ| i〉 〈 i|φ〉
〈φ|ψ〉 〈ψ|φ〉

=

2∑
i,j=1

〈φ|E |i〉 〈 i|ψ〉 〈ψ| j〉 〈j|φ〉
〈φ|ψ〉 〈ψ|φ〉

−
∑
i 6=j

〈φ|E |i〉 〈 i|ψ〉 〈ψ| j〉 〈j|φ〉
〈φ|ψ〉 〈ψ|φ〉

=
〈φ|E |ψ〉
〈φ|ψ〉

− 〈φ| 1〉 〈1|ψ〉 〈ψ| 2〉 〈2|φ〉 − 〈φ| 2〉 〈2|ψ〉 〈ψ| 1〉 〈1|φ〉
〈φ|ψ〉 〈ψ|φ〉

=
〈φ|E |ψ〉
〈φ|ψ〉

− 2=m 〈φ| 1〉 〈1|ψ〉 〈ψ| 2〉 〈2|φ〉
〈φ|ψ〉 〈ψ|φ〉

Since µ is real, we find

µ = <e 〈φ|E |ψ〉
〈φ|ψ〉

Thus making a strong measurement yields the weak value after post-selection.
In the other extreme, suppose Ui = 1√

n
I. Then

µ =

n∑
i=1

1

n

〈φ|ψ〉 〈ψ|φ〉
〈φ|ψ〉 〈ψ|φ〉

· 〈ψ|E |ψ〉
〈ψ|ψ〉

= 〈ψ|E |ψ〉

ν =

n∑
i=1

1

n

〈φ|ψ〉 〈ψ|φ〉
〈φ|ψ〉 〈ψ|φ〉

· en =
1

n

n∑
i=1

en = 0

Thus if we don’t disturb the system, post-selection has no effect.

3.1 A simple example

We now consider the case where

U1 =

(
cos θ 0

0 sin θ

)
, U2 =

(
sin θ 0

0 cos θ

)
are measurement operators corresponding to the operator

E =

(
1 0
0 −1

)
with eigenvectors (1, 0), (0, 1) and eigenvalues e1 = 1, e2 = −1. When θ is an integer multiple of π/2, this is
a strong measurement; when θ is close to a half-integer multiple of π/2, this is a weak measurement.

Let ψ = (
√

3/2, 1/2) and φ = (1/
√

2, 1/
√

2). In Figure 1 we plot µ(θ). In Figure 2 we plot µ(θ) where
we instead take φ = (1/

√
2,−1/

√
2).

Observe that the graph of µ(θ) approaches the weak value line at θ = 0 and θ = π/2 in both cases, and
goes down to the red baseline when θ is close to π/4. Obtaining the weak value from measuring perturbation
would require adjusting the blue curve to correct for the attenuation. This would be difficult since the
deviation of µ from the baseline is of second order.

In Figure 2 we observe the phenomenon that AAV addressed: the weak value lies outside the range of
the eigenvalues of E.
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Figure 1: Red line: the baseline 〈ψ|E |ψ〉, where ψ = (
√

3/2, 1/2) and φ = (1/
√

2, 1/
√

2), green line: the
weak value; red dashed lines: average values of E corresponding to each weak measurement state (see figure
2); blue line: expected value of post-selected measurement.
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Figure 2: Red line: the baseline 〈ψ|E |ψ〉, where ψ = (
√

3/2, 1/2) and φ = (1/
√

2,−1/
√

2), green line: the
weak value; red dashed lines: average values of E corresponding to each weak measurement state; blue line:
expected value of post-selected measurement.

3.2 Weak measurement in practice

Our previous example shows that weakly measuring an observable by recording the perturbation does not
yield the weak value. In practice, weak measurement is performed by “weakly coupling” two independently
observable quantities, the one whose wavefunction we are trying to reconstruct and the “pointer”, which we
actually measure. For example, energy can be coupled to angular momentum. Thus performing a strong
measurement of one observable post-selects a weak measurement of another.

The recent experiments utilized this approach. Lundeeni et al. ([5]) coupled the polarization state of
a photon with its position and by post-selecting on the linear and circular polarization states were able
to weakly measure position and determine the position wavefunction. Separately, Salvail at al. ([7]) post-
selected on position and momentum and thus were able to weakly measure polarization. (In ensemble mea-
surements it is possible to measure both position and momentum, or both linear and circular polarization.)
It turns out that by weakly measuring in both bases one can reconstruct the complex weak value.

As a concrete example, consider [7]. The authors of this paper introduced a slight displacement between
the horizontally polarized and vertically polarized components of light. This constitutes a weak measurement
of polarization in the horizontal / vertical basis — it is weak because the displacement is small enough that
the components are not resolved. A strong measurement is then performed in the diagonal basis. We are
able to probe the horizontal polarization value directly by measuring the spatial displacement, that is, we
are measuring ν. In the two-state case,

ν =
〈φ|U1 |ψ〉 〈ψ|U†

1 |φ〉 − 〈φ|U2 |ψ〉 〈ψ|U†
2 |φ〉

〈φ|ψ〉 〈ψ|φ〉

This is modeled in Figure 3. Indeed, the expected value of the “pointer”, the other observable, if no
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Figure 3: ψ = (
√

3/2, 1/2) and φ = (1/
√

2, 1/
√

2), green line: the weak value, green dotted line: the
negative of the weak value, blue line: expected value of post-selected measurement where the weak observable
is measured directly via coupling.

interaction takes place (θ = π/4) is zero. Once again, a strong measurement (θ = 0) yields the weak value
(but is not useful for us since post-selection is not useful under strong measurement conditions), and a weak
measurement yields something attenuated. In this case, however, deviation from the baseline is of first order,
so there is a region where it can be measured while ensuring that the second-order perturbation is sufficiently
small.

In addition, correcting for attenuation is easy: in our model, one can verify that

ν = cos(2θ)
〈φ|E |ψ〉
〈φ|ψ〉

This if one can quantify the “weakness” of the measurement, one obtains the weak value.

4 Conclusion

We have described a way to reconstruct the wavefunction based on weak values, defined what weak values
are and sketched how to compute them, and showed how weak measurements can be controlled to minimize
the perturbations they cause. Our discussion has several limitations, however. First, it is not clear from our
discussion that the weak measurement technique can be extended to observables of more than two states.
However, this was done in [5] and [7]. Second, we disregard the small time evolution component due to the
time interval between the weak and strong/post-selection measurements. This may seem like a reasonable
omission, but it is precisely this component that allows us to use dual basis measurements to determine the
complex part of the weak value.

We hope that the future brings many interesting developments to the theory of weak measurement.
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